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I. INTRODUCTION
Real systems in our world are extremely complicated systems in dynamical evolution.
But we always need approximation, simplification and modeling when doing physics. If some systems are evolving in time and varying in space slowly enough, we can model them as (locally) static, homogeneous systems, i.e. systems in (local) equilibrium, where thermodynamics (hydrodynamics) applies. As a step further, if the systems are just slightly perturbed away from equilibrium, we can phenomenologically describe them by linear response theory, where the systems are characterized by various kinds of response functions in additions to thermodynamic quantities. If the systems are really far from (local) equilibrium, then in principle the microscopic details of the systems matter, i.e. we have to use the full quantum field theory to describe the dynamical quantum many body systems, which is extremely difficult (if ever possible). However, for quantum many body systems in the holographic limit, i.e. with a gravity dual, we can use AdS/CFT (holography) to study the full dynamics of them (see, e.g. [1] for a recent review).
Although dynamical holography is very interesting and strongly motivated and already has significant achievements, it is not systematically justified, compared to the standard AdS/CFT in the equilibrium (Euclidean) case [2] [3] [4] and its Minkowski extension in the linear response regime [5] . But as long as it is self-consistent and compatible with fundamental physical theories (like hydrodynamics) and the standard AdS/CFT in the (near-)equilibrium limit, and it has prediction power, it is important and valuable at least in the phenomenological sense and we should try to make it as systematic as possible. Generally, dynamical processes in holography are studied using numerics [1] , but it would be very helpful that we could have some quantities to control general dynamical processes analytically, which is the main goal of this paper.
An important problem closely related to non-equilibrium physics is stability, in either a linear level or a nonlinear level. The correlated stability, namely, the equivalence between thermodynamical and dynamical stability in gravitational physics, is a long-standing problem and has recently received renewed attention due to AdS/CFT correspondence. Particularly, in AdS/CFT the bulk spacetime with a black hole is dual to the boundary system at a finite temperature. So it is tempting to conjecture that the correlated stability should hold for such holographic gravitational systems [6, 7] . But whether this conjecture turns out to be true or not, it is meaningful to consider it in the context of non-equilibrium physics in holographic systems.
In this paper we use the conserved current method developed in [8] to study dynamical holographic systems and the relation between thermodynamical and dynamical stability of such systems. The case with fixed spacetime backgrounds (in the probe limit, i.e. ignoring the back reaction of bulk matter fields onto the background spacetime) is discussed first in Sec. II, where a generalized free energy is defined with the property of monotonic decreasing in dynamic processes. That important quantity is then used to argue the relation between thermodynamical and dynamical stability. We take the simplest holographic superfluid model as an important example in Sec. III, where the relevant quantities are explicitly calculated, and different types of dynamical evolutions are discussed in the view of the conserved currents.
The case with full back-reaction is much more complicated, as discussed in Sec. IV. With the help of conserved currents associated to the diffeomorphism invariance induced by a preferred vector field, we propose a thermodynamic form of the bulk space-time dynamics with a preferred temperature of the event horizon, where a monotonically decreasing quantity can be defined as well. The possible role played by the holographic renormalization in our discussion is investigated in Sec. IV C. In both cases, our analyses help to clarify some aspects of the far-from-equilibrium holographic physics. We end our paper with some discussion and outlook in Sec. V.
II. CONSERVED CURRENTS AND FREE ENERGIES IN THE PROBE LIMIT
Let us start with the Lagrangian density of a collection of matter fields φ on top of a fixed background (bulk black hole) metric g ab :
where ∇ and are the derivative operator and volume element compatible with g, respectively. The variation of Lagrangian density gives
where T ab = 2 δL δg ab +Lg ab is the energy momentum tensor for the matter fields, Θ = ∂L ∂∇aφ · δφ, and the equation of motion E = ∂L ∂φ − ∇ a ∂L ∂∇aφ = 0 has been used in the second step. Now let us focus on such a variation induced by the infinitesimal diffeomorphism generated by a vector field ξ, namely δg ab = L ξ g ab = ∇ a ξ b + ∇ b ξ a and δφ = L ξ φ. Then the diffeomorphism covariance of our Lagrangian density gives rise to the following identity
where
with j a ξ = ∂L ∂∇aφ L ξ φ − ξ a L and k a ξ = −T ab ξ b . Since ξ is arbitrary, this identity implies the conservation of energy momentum tensor ∇ a T ab = 0, which further leads to the equivalence of Noether current j ξ and stress energy current k ξ in the sense of K ξ = J ξ + dB.
It is noteworthy that on many occasions we need to add boundary terms to the Lagrangian (as will be discussed in the following sections), where we havẽ
instead of (1) . Then there will be
again by virtue of the equations of motion, which remain the same form as in (2) in spite of b. The diffeomorphism invariance with respect to an arbitrary ξ again tells us
with the modified Noether currentJ
One sees that the differenceJ
which explicitly shows the equivalence ofJ ξ and J ξ . Thus, we will not take into account the effect of possible boundary terms until Sec. IV, where it is necessary. Note that the stress energy current K ξ will never get influenced by the addition of b. For a Killing vector field ξ, both currents are closed, namely dJ ξ = dK ξ = 0. This is essentially the Noether theorem for the spacetime symmetries. Under the probe limit, we shall focus on the conserved currents with ξ = ∂ t the future directed Killing vector field, by which the black hole horizon is generated.
For an equilibrium state (L t φ = 0), the flux across either the black hole horizon or AdS boundary for J t apparently vanishes. So does the flux for K t . Therefore the flux across any surface bounded by the black hole horizon and AdS boundary is equal to the flux across the surface Σ of equal time, which is obviously the free energy −´Σ √ −gL for J t . Actually, as will be seen more clearly from the example in the next section, for systems involving gauge fields J t will be gauge dependent while K t is manifestly gauge invariant. There we can learn that for those systems the flux for K t is the genuine free energy, while that for J t is actually the grand potential associated to the conserved global charge of the boundary system (dual to the conserved local charge corresponding to the gauge symmetry in the bulk). Thus, we shall discuss solely the stress energy current k ξ in the rest of this section and come back to the Noether current j ξ later.
For a state out of equilibrium but varying slowly enough in space and time, 1 the free energy and other thermodynamic quantities can be well defined locally, as well as the thermodynamic relations can hold locally. In this case, the system is in local equilibrium, which can be described by non-equilibrium thermodynamics or hydrodynamics [9] . Away from local equilibrium, i.e. the system is in a state varying rapidly in either space or time, the thermodynamic or hydrodynamic description breaks down, and in general there is no well-defined free energy or other thermodynamic quantities.
However, at least for the holographic systems in the probe limit that we are considering, a natural generalization of free energy can be well defined using the conserved current k t , even far from (local) equilibrium. Actually, we just go on to define the (generalized) free energy at time t as the flux of k t across the constant time t slice Σ t :
It is then easy to show that F (t) defined above has the following properties:
1. It becomes the standard free energy in the local equilibrium limit;
2. It decreases monotonically in a general dynamical process (no need to be in local equilibrium) without external work (or called driving [13] ) done to the boundary system;
3. Its decrease exactly matches the integral of the energy flux across the horizon (see [10] [11] [12] , for example).
The first property is just trivial by definition. We shall prove the last two properties in the rest of this section.
By the Stokes theorem, the total flux of this current across the boundary of any given spacetime region always vanishes. For our purpose, we would like to focus on the region sandwiched by two slices, denoted by Σ i and Σ f respectively. This spacetime region also has the black hole horizon H as the inner boundary and the conformal infinity as the outer AdS boundary. The flux across the AdS boundary just corresponds to the external work done to the boundary system (see [11, 12] , for example), which vanishes according to our premise of this discussion. With this in mind, we have the following equalitŷ
Now come two important observations. First, if the system is in equilibrium on the slice Σ, then the flux across this slice is exactly the usual free energy, as mentioned above. Second, the flux across the black hole horizon is believed to be always positive due to the null energy condition. Then it follows that the dynamical evolution leads to the decrease of its free energy, where the decrease is the energy dissipation.
Therefore, if an equilibrium state is thermodynamically stable in the absolute sense, i.e. it has a free energy that is a global minimum in the phase space, then it should be dynamically stable as well, because otherwise the system would eventually be driven to an equilibrium state with an even lower free energy. Conversely, if the equilibrium state in consideration is not thermodynamically (meta-)stable, i.e. with a free energy that is not a local minimum, then there exist tiny perturbations on top of such a state that can trigger the (irreversible) dynamical evolution that the free energy of the system rolls down, because in thermodynamics the instability shows up under certain inhomogeneous thermodynamic perturbations as discussed in standard textbooks, which are just the long-wavelength limit of the corresponding perturbations in the holographic system. In other words, the linear dynamical stability implies the thermodynamical (meta-)stability.
Here is a remark. In the above derivation, we have ignored the holographic renormalization procedure generically required for the holographic set-up, which is related to the possible boundary terms considered in (5) and will be discussed in Sec. IV C.
III. THE HOLOGRAPHIC SUPERFLUID AS AN EXAMPLE
Among others, holographic superfluid [14] is supposed to be the prototype of holographic condensed matter systems in applied AdS/CFT. So here we would like to take it as a concrete example to demonstrate the validity of the main claims in our proof. The fixed background geometry is the Schwarzschild planar black hole, which can be written in the Eddington-Finkelstein coordinates as
with f = 1 − (z/z 0 ) 3 , L the AdS curvature radius and z 0 the black hole horizon radius. The bulk Lagrangian for holographic superfluid is simply the Maxwell field coupled to a massive complex scalar field, given by
where D = ∇ − iA with A the gauge potential, and m 2 L 2 = −2 for simplicity. The asymptotic behavior for the matter fields goes as
where ν denotes the AdS boundary coordinates with a t and −b t the chemical potential µ and charge density ρ of the boundary system by holography in the gauge A t | z 0 = 0 and A z = 0. As the simplest case for illustration, in the standard quantization of the holographic superfluid model (see, e.g. [16] for a discussion of different quantizations), ψ 0 is taken as the source and is set to zero when there is no driving.
The energy momentum tensor is given by
The associated conserved current can be obtained as
which can also be expressed as
with * the Hodge dual. The flux of the last term in (16) across the boundary can be calculated as
with n a the unit normal to the boundary,∇ a the induced derivative on the boundary and j a = n b F ab the particle current on the boundary.
Regarding the holographic renormalization, the required counter term − 1
for the case of standard quantization considered here does not contribute the free energy due to the aforementioned source free boundary condition (see Sec.IV C for a more general discussion). In particular, due to (18) , the flux by the stress energy current corresponds to the free energy´Σ(− √ −gL + ρµ) in the canonical ensemble and the flux by the Noether current corresponds to the free energy (grand potential) −´Σ √ −gL in the grand canonical ensemble. For a relaxation process, i.e. dynamical evolution without driving in our holographic superfluid, besides ψ 0 = 0, we are also required to set F νσ | 0 = 0, since all sources should be turned off.
A. Dynamical evolution under the condition of fixed particle number or fixed chemical potential
In dynamical time evolution (without back-reaction), the total particle number of the holographic superfluid can be fixed or the system can be put into contact with a particle source with a fixed chemical potential. Naively, one may think that these two cases can be distinguished by different boundary conditions at the AdS conformal boundary. Similar to the equilibrium case, we may call the corresponding holographic boundary conditions the canonical and grand canonical boundary conditions, respectively.
The canonical boundary condition is simple. For a system with fixed particle number and no external work (in relaxation or without driving), the flux of the energy current K t across the conformal boundary (corresponding to the external work [12] ) 2 vanishes, as well as the flux
of the bulk electric current J E (corresponding to the variation of the particle number) [12] .
Here Π = n a D a ψ * is the conjugate momentum to ψ. Obviously, either Dirichlet or Neumann boundary condition for ψ fixes the total particle number.
But the grand canonical boundary condition is problematic. For a system with fixed chemical potential µ and no external work, the flux of the Noether current J t across the conformal boundary (supposed to correspond to the external work under fixed chemical potential) vanishes, as well as the boundary value of A t should be fixed. Because of (16) and (18), the local fluxes of those two currents have the relation n a k a t = n a j a t +∇ µ (µj µ ) = n a j a t + µ∇ µ j µ , so the vanishing of the Noether flux n a j a t means
where we have used (19) . The first term on the right hand side of (20) is just the work done by an external potential (with the corresponding force F ta ). If we do not want to turn on the external potential, the boundary condition (besides µ fixed) becomes
which is also satisfied by either Dirichlet or Neumann boundary condition for ψ. However, if we impose the boundary conditions A t | z 0 = 0 (gauge fixing) and A t | 0 = µ (chemical potential fixing) for A t simultaneously, there is no room to require the constraint equation (19) as an additional boundary condition.
Therefore, we see that the condition of fixed chemical potential cannot be imposed in the above way. Instead, we should really put the system into contact in spatial directions with an environment (particle source). In other words, the difference between the canonical case and the grand canonical case only shows up for finite size systems.
So now the problem is shifted to how to imposed boundary conditions for finite size holographic systems. For the canonical case, the appropriate boundary conditions at, say, the x boundary are
for A x , A y and ψ, with no extra boundary condition imposed there for A t . These boundary conditions guarantee j x = n b F xb | 0 = 0 at the x edge of the conformal boundary, so there is no flux of the particle current across the x edge. 3 Most importantly, the flux k x t of the energy current K t across the x boundary vanishes, because
which guarantees the monotonic decrease of the free energy in relaxation. More explicitly for numerical schemes of time evolution, the above boundary conditions are
In practice, one may simply use the more convenient boundary conditions
which also conserve the particle number, if the x boundary does not play an important role in the physics under consideration or one does not care much about the monotonic decrease of the free energy. The discussion about the y boundary is similar.
On some occasions, the boundary condition F xy = 0 in (22) may not be possible. 4 Then we can use the boundary condition
instead, which means explicitly
3 Actually, these boundary conditions also guarantee that there is no flux of the bulk electric current J E across the x boundary. 4 For example, the rotating holographic superfluid discussed in [19] .
Obviously, this boundary condition together with the other two conditions in (22) also guarantees (23). The corresponding simplified version like (25) is
which again conserve the particle number but do not exactly preserve the monotonic decrease of the free energy.
For the grand canonical case, instead, the following boundary conditions should be used at the x boundary:
with ψ H (z) the homogeneous configuration of ψ at the given chemical potential µ. From the boundary evolution equation [18] ∂
of the particle number density ρ, the above boundary conditions conserve ρ at the x boundary (as its homogeneous value at the given µ). Then from the constraint equation
the above boundary conditions (together with A t | z 0 = 0 and A t | 0 = −ρ) just make A t (z)
there to be the homogeneous configuration at the given µ.
IV. BEYOND THE PROBE LIMIT: DYNAMICAL HOLOGRAPHIC SPACETIME

A. Conserved current associated to the diffeomorphism invariance
Even in the case with back-reaction, we can have the conserved currents associated to the diffeomorphism invariance, similar to that in Sec. II. The main difference, though, is that in the dynamical case the bulk spacetime generally does not have a timelike Killing vector field. Again aiming at the holographic superfluid model [15] , we consider the Einstein gravity minimally coupled to a charged scalar field Φ and a Maxwell field A µ , while keeping in mind that the discussion here can be well applied to general minimally coupled gravity-matter theories. The action is As discussed in [8] , the above theory has the conserved (Noether) current
associated to the diffeomorphism invariance of I induced by an arbitrary vector field ξ, where φ A runs over components of all matter fields. Actually, one may also replace the matter contribution in the last two terms of the above current with −T ab ξ b to obtain another conserved current
corresponding to the stress energy current in Sec. II.
Our configuration is as Figure 1 . There is an event horizon H in the (dynamic) spacetime, which tends to the asymptotic Killing horizon of the final asymptotic stationary black hole. There is also a time-like boundary surface B, either at a finite distance or tending to the conformal infinity, which together with the event horizon composes the boundary of the bulk space-time.
Since the current (33) is conserved, we have
where λ µ is future directed and tangent to the null geodesic generators of H, m µ is the future directed unit normal vector of a time slice Σ, and n µ the outward unit normal vector of the time-like boundary surface B. In the discussion of decay of an unstable equilibrium state, we should assume that in the infinite past, as well as in the infinite future, ξ tends to the corresponding asymptotic Killing vector field of the asymptotic stationary black hole.
In this case, only the last two terms in the conserved current (33) do not vanish, so it just becomes the conserved current J ξ in Sec. II 5 and its flux across a time slice is the standard free energy (grand potential).
In order for the bulk space-time to have a holographic dual on the time-like boundary B, however, a Gibbons-Hawking term on this boundary surface should be added to the action (32). In this case, we require that the vector field ξ should be tangent to B and directly use the diffeomorphism invariance to obtain a relation similar to (35). So first we consider the variation of the original action (32)
with Eq the terms for the equations of motion, in the bulk region. Then on shell (Eq = 0) the diffeomorphism invariance
which is just the same relation (35) with the conserved current (33).
Then, instead of the original action (32), consider the action
with a Gibbons-Hawking term on the time-like boundary B, where L is the original Lagrangian given in (32) and K is the trace of external curvature of the boundary surface B.
Since ξ is tangent to B, variation arguments similar to the original case will give
But note that now the Lagrangian density L includes the contribution from gravity.
on-shell with π A = n µ ∂L ∂∇µφ A the conjugate of φ A andm µ the future directed unit normal vector of Σ B within B, where an over bar denotes the boundary value (or pullback) of the bulk field. The above equation can be written as
is the generalized free energy of the final state,
that of the initial state,
the external work done to the boundary system (see below), and
the generalized energy dissipation (see the following subsection).
Actually, from the momentum constraints
where the second equality holds due to n µ ξ µ = 0 and our discussion in Sec. II (up to divergence terms like∇ a (j a A ξ ), as discussed below). So
with =m a t ab ξ b the energy density, which means that W is equal to the difference of the total energy of the boundary system between the final state and the initial state, if −t ab ξ b
is taken as the stress energy current of the boundary system. 6 For the case where there are gauge fields in the bulk, like the holographic superfluid systems discussed in Sec. III, the "generalized free energy" defined in (41) or (42) is actually the generalized grand potential, and (44) becomes
due to (16) and (18) . Then the "external work" W becomes
with ρ = −m a j a the particle number density and µ = A ξ the chemical potential (under the gauge A µ | H = 0). One sees that W is the difference of the total generalized grand potential between the final state and the initial state, i.e. the external work done to the boundary system under given chemical potential, which can be a function µ(t, x) dependent on time and space in this case. However, from the discussion in Sec. III A we know that it is impossible to evolve the holographic superfluid system under given chemical potential, so it is better to reinterpret (40) as its gauge invariant version, i.e. the same equation (40) with the following redefined quantities in terms of the current (34):
the generalized free energy (with Σ = Σ f and Σ = Σ i corresponding to that of the final state and the initial state, respectively),
the external work done to the boundary system, and
the generalized energy dissipation, which is actually the same as (43) under our gauge choice
For equilibrium states or the asymptotic Killing regions like Σ i and Σ f , it can be generally shown that the free energy F and "internal energy"
are related by the Legendre transform (see, e.g. [12] )
But on an arbitrary time slice under dynamic evolution, the above relation is not expected to hold any longer, since there should not be local correspondence between the boundary and the horizon in holography.
B. Dissipation at the event horizon
So far, the vector field ξ remains rather arbitrary, which is only required to be tangent to be the genuine one for equilibrium configurations. 7
However, in order for a satisfactory interpretation of the flux D as dissipation, we should also restrict the behaviors of ξ at the event horizon H. As can be seen shortly, the basic requirement for ξ there should be that ξ itself is tangent to the null geodesic generator of H. In this case, we can just set λ µ = ξ µ . Furthermore, the asymptotic Killing requirement of ξ reminds us that it is natural for ξ to have some kind of generalization of the standard Killing property, at least near the horizon. Actually, we propose that ξ should satisfy
which we call the generalized Killing equation.
Then the local flux of J µ at the event horizon is
When the Gibbons-Hawking term is taken into account, the free energy will get contribution from that boundary term, of course.
with T ξξ := ξ µ ξ ν T µν and R ξξ := ξ µ ξ ν R µν , where in the second and third step we have used the generalized Killing equation (51), in the third step we have also used the Einstein equation, in the fourth step we have used the Raychaudhuri equation
and in the final step we have defined the generalized Hawking temperature 8
and have used the fact
with γ the determinant of the induced metric on Σ H.
Note that the final expression in (52) can be recast as
with s the local entropy density, since the integration of that expression on the event horizon H with a constant T is just T times the entropy difference (area difference divided by 4G)
between the initial and final states. Also note that the flux (52) is almost positive definite in the sense that 1 d−1 θ 2 ξ + σ 2 ξ + R ξξ is always positive due to the null energy condition and the contribution of ∇ ξ θ ξ vanishes upon integration over t:
if the condition holds that ξ tends to the Killing vector fields at both t → −∞ and t → ∞, which would lead to the conclusion F f < F i for a back-reacted holographic system in relaxation. However, there are two levels of questions here. Firstly, it is not clear to us whether the event horizon, provided it is asymptotic to the apparent horizon at t → ∞, is asymptotic to the apparent horizon at t → −∞ in all cases of decay of unstable equilibrium states. That seems reasonable, but we cannot find a proof about this statement in the literature, nor can we prove it ourselves. Secondly, even if the first statement is true, it is not expected that our ξ prescribed as around (51) always has the asymptotic Killing property. In relaxation of the isolated systems, the entropy increase monotonically, but the free energy (50) does not decrease monotonically in general. If not, it should be impossible to find a ξ having the asymptotic Killing property in the infinite past.
Alternatively, we can define a modified (generalized) free energy
which has the property of monotonic decreasing, with the corresponding modified (generalized) energy dissipation
which is positive definite. These quantities satisfy the balance equation
which is obviously equivalent to (40). Then the above mentioned problem shifts to that F i may not coincide with the real free energy of the initial equilibrium state due to the lost of asymptotic Killing property of ξ in the infinite past.
C. Incorporation of the holographic renormalization
In the holographic renormalization, we first put the boundary system on a finite time-like boundary (the cutoff) surface B, and then add a counter term to the action (38) as
with L CT purely composed of fields within the cutoff surface B, which makes the total action I finite on-shell when B is approaching the conformal boundary. In the mean time,
the boundary degrees of freedomφ should be rescaled (or even recombined) according to the asymptotic scaling behaviors of the bulk fields.
Actually, incorporation of the counter term does not change our discussion in Sec. IV A much. The same variation arguments, the replacement of J ξ with K ξ and then the horizon modification as in the previous subsection again give the relation
the renormalized free energy (with Σ = Σ f and Σ = Σ i corresponding to that of the final state and the initial state, respectively),
the renormalized external work done to the boundary system, and D the modified energy dissipation (57). Note that in the renormalized external work (60), the tilde quantities are the renormalized or rescaled ones. 9
V. DISCUSSION
In this paper, we have studied dynamical holographic systems and the relation between thermodynamical and dynamical stability of such systems, with the help of the conserved currents associated to the diffeomophism invariance. It is noteworthy that the similar idea has been used to prove the equivalence of dynamical and thermodynamical stability for pure gravity in [17] , where the Noether current is used instead of our stress energy current. So it is definitely interesting to see the relation between our discussion and that in [17] . We hope to address this issue in the future.
Our analysis in the probe limit is very clear, where a generalized free energy with very nice properties in fully dynamical holographic systems is defined. However, in the back-reacted case, although we have some basic requirements on the vector field ξ for the diffeomorphism, it is still too arbitrary and it is not clear the essential difference between different choices of ξ. The generalized Killing equation (51) is interesting in its own right, and it seems to determine uniquely a vector field ξ if we require it to hold all over the bulk region (instead of just imposing it near the horizon) with certain boundary conditions, but it is still not clear if we can really do that without spoiling our whole set-up.
In Sec. III A, we have demonstrated how to set up a holographic system (in the probe limit) under the environment of a particle source with fixed chemical potential. It is expected that in the back-reacted case we can deal with an isolated holographic system (with fixed total energy) or a holographic system under the environment of a heat sink with fixed temperature similarly, by imposing different spatial boundary conditions for the metric fields respectively, though a thorough discussion on this aspect still needs a lot of work.
